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Abstract. First-principles calculations were performed to study the elastic stiffness constants
(Cij ) and Debye temperature (θD) of wurzite (wz) AlN and GaN binary semiconductors at high
pressure. The lattice constants were calculated from the optimized structure of these materials. The
band gaps were calculated at � point using local density approximation (LDA) approach. The unit
cell volume, lattice parameters, c/a, internal parameter (u), elastic constant (Cij ), Debye tempera-
ture (θD), Hubbard parameter (U) and band gap (Eg) were studied under different pressures. The
bulk modulus (B0), reduced bulk modulus (B ′

0) and Poisson ratio (υ) were also calculated. The
calculated values of these parameters are in fair agreement with the available experimental and
reported values.
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1. Introduction

The III–V groups of nitrides have attracted much attention due to their potential appli-
cations in the fields of optoelectronics because of their use as wide band gap optical
sources, their superhardness properties, uses at high temperature and pressure, high den-
sity data storage capacity and high power conversion efficiency [1,2]. Wurtzite AlN
and GaN are more stable compared to zinc-blende structures of AlN and GaN [3]. The
chemical prototype of wurtzite structure is ZnS with hexagonal structure (B4), Hermann–
Mauguin notation of which is P63mc. Moreover, because of their wide band gap and
good thermal conductivity, wz-AlN and wz-GaN also have potential applications in high-
temperature, high-power electronic devices and others in visible and ultraviolet region by
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varying the wide band gap [4,5]. These two are also very prominent binary compounds in
extreme conditions of high pressure and temperature. Therefore, experimental and theo-
retical investigations are of great interest to physicists and researchers. Earlier work [6–8]
explored more information with improved accuracy about the characteristics of wz-AlN
and wz-GaN. It was found that wz-AlN and wz-GaN were thermodynamically stable at
ambient environment, but the structural phase and the thermodynamic stability of wz-AlN
and wz-GaN under high temperature and pressure remain uncertain.

In the present work, we have investigated the structural properties, elastic constants and
Debye temperature of wz-AlN and wz-GaN at high pressure by using the first-principles
plane-wave method in the frame of DFT with local density approximation (LDA). We
have also calculated band-gap properties at different pressures, which are underestimated
due to intrinsic property of LDA approximation. Band gaps for wz-AlN and wz-GaN have
been corrected by using the DFT+U method under the linear response method by esti-
mating the value of U at different pressures. The results obtained are in good agreement
with the available experimental results and other reported theoretical methods.

2. Computational methods

First principles total energy calculations were performed using quantum-espresso code
[9]. The interaction between ions and valence electrons were described by the USPP
method [10] for both the binary semiconductors. The exchange and correlation effects
were treated by the local density approximation of Perdew and Zunger [11]. The k mesh
was sampled according to a Monkhorst–Pack scheme as 4 4 2 with a spacing of 0.5/Å
[12]. The electronic configurations for Al, Ga and N are [Ne]2s22p1, [Ar]3d104s24p1 and
[He]2s22p3, respectively. The valence electrons were taken as 3, 13 and 5, respectively
for Al, Ga and N. The 3d10 electrons were considered as valence electrons to observe the
non-localized effect of d shell in Ga atom. The energy cut-off in the plane-wave expansion
is 65 Ry and cut-off for charge density is 720 Ry for the wz-AlN and wz-GaN semicon-
ductors. Convergence of relative energies with respect to the k mesh and energy cut-off
was found to be better than 1 meV/atom. The cut-off of plane-wave expansion is high
for hard pseudopotential of N atom. The equation of state (EoS) was used to determine
equilibrium structural properties for wz-AlN and wz-GaN at different pressures. Elastic
constants, Debye temperature and band gap were calculated at different pressures.

3. Results and discussion

3.1 Structural properties

To calculate the structural properties of wz-AlN and wz-GaN, we have used the local den-
sity approximation (LDA) pseudopotential. The graph between total energy and volume
are plotted for wz-AlN and wz-GaN in figure 1 to determine the equation of state and
to find the equilibrium (P = 0, T = 0) parameters like lattice constant a, c/a ratio and
u. The calculated equilibrium lattice parameters are 5.83 and 5.97 Å, c/a parameters are
1.58 and 1.61, internal u are 0.382 and 0.376 and bulk moduli are 204.6 and 182.5 GPa
for wz-AlN and wz-GaN, respectively. The calculated equilibrium lattice parameters are
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Figure 1. Variation of total energy (Ry) with volume in Bohr (a.u.) for wz-AlN and
wz-GaN for obtaining the equilibrium (P = 0, T = 0) lattice parameters.

underestimated due to the inherent property of LDA pseudopotentials. We have also
plotted the graph between volume and pressure for wz-AlN and wz-GaN in figure 2. The
obtained equilibrium lattice parameters are compared with available experimental and
reported data given in table 1. Structural properties like lattice parameter (a), c/a ratio

Figure 2. Variation of volume (a.u.3) with pressure (GPa) for wz-AlN and wz-GaN at
equilibrium (P = 0, T = 0) lattice parameters.
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and u have also been calculated at different pressures and plotted in figure 3 for both wz-
AlN and wz-GaN. It has been observed that for wz-AlN, the lattice parameter a, and c/a

decreases and u increases monotonically with increasing pressure, whereas for wz-GaN,
though the lattice parameter a and c/a show the same trend as that are shown by wz-AlN,
u displays opposite trend with pressure.

3.2 Debye temperature (θD) calculation using elastic constants

The Debye temperatures for wz-AlN and wz-GaN are calculated using elastic constants
[13], whereas elastic constants are calculated at equilibrium (P = 0, T = 0) lattice
parameter. The stiffness constants are defined as

Cij ≡ cαβγ δ = 1

V0

∂2Etotal

∂εαβδεγ δ
, (1)

where Etotal and V0 are the total energy and the equilibrium volume, respectively. σαβ
and εαβ(α, β = x, y, z) are the components of the stress and strain tensors respectively.
Non-zero and independent elastic stiffness constants of hexagonal crystal structures using
Voigt indices’ are C11, C12, C13, C33, C44 and C66 [14]. The general strain tensor matrix is

given as

⎡

⎣
ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33

⎤

⎦. For calculating elastic stiffness constants, C11, C12, C13, C33

and C44, we have taken non-zero ε11, (ε11, ε22), (ε11, ε33), ε33 and (ε23, ε32), respectively,
and other strain tensor components equal to zero in strain tensor matrix. For determining

Figure 3. Variations of lattice parameter (a), c/a and u at different pressures are
shown for wz-AlN and wz-GaN. All these parameters decrease except u which
increases for wz-AlN and slightly decrease for wz-GaN as pressure increases.
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the stiffness constant, we have calculated energies of wz-AlN and wz-GaN crystals for
the small volume conserving strains using the periodic DFT method. We have fitted
the stiffness constants (Cij ) to the energy–strain relations, U(ε) = 0.5C11ε

2
xx , U(ε) =

(C11 + C12)ε
2
xx , U(ε) = 0.5(C11 + C33 + 2C13)ε

2
xx , U(ε) = 0.5C33ε

2
xx and U(ε) =

2C44ε
2
xx for calculating C11, C12, C13, C33 and C44, respectively, and C66 = 0.5(C11−C12),

where εxx(x = 1, 2, 3) are the strain tensor components and U(ε) = Etotal(ε)/V0 is the total
energy per unit volume. We have applied seven independent small strains (εxx), 0,
±0.015, ±0.010, ±0.005. The total energy, Etotal(ε) after applying small strains, were
fitted to the polynomial equation

Etotal (ε) = V0U(ε) = A0 + A1ε + A2ε
2 + A3ε

3, (2)

where A0, A1, A2 and A3 are the fitting parameters. A1 corrects inaccuracies in the vari-
able cell optimization, and A3 corrects the anharmonic term [15]. The third term A2 is
important for calculating stiffness constants where A2/V0 = C11/2 for strain ε11, (C11+
C12) for strain (ε11 = ε22), (C11+ C33+ 2C13)/2 for strain (ε11 = ε33), C33/2 for strain
ε33 and 2C44 for strain (ε23 = ε32). The calculated stiffness constants are given in table 2.
The obtained values of stiffness constants for wz-AlN and wz-GaN are in good agreement
with the values reported by other theoretical works and available experimental data. The
calculated results are also plotted in figures 4 and 5 at different pressures. The theoretical
[16–19] values of stiffness constants for wz-AlN and wz-GaN are overestimated when
compared to the experimental values [20,21]. The Debye temperature (θD) defined as a
measure of the cut-off frequency by θD = h̄ωD/kB, is then proportional to the Debye
sound velocity, vD:

θD = h̄

kB

(
6π2N

V

)1/3

vD (3)

and

vD = k(υ)

√
B

ρ
. (4)

The bulk modulus (B) and Poisson ratio υ of a polycrystalline material are estimated from
the single crystal elastic constants by the Voigt–Reuss–Hill (VRH) approximation [22].
θD and k(υ) can be given in more usable format in terms of atomic weight M and Poisson
ratio υ as

θD = k(υ)
h̄

kB

(
6π2ρ

M

)1/3
√
B

ρ
(5)

and

k(υ) =
[

1

3

[[
1 + υ

3 (1 − υ)

]3/2

+ 2

[
2 (1 + υ)

3 (1 − 2υ)

]3/2
]]−1/3

. (6)

θD can be further rewritten as

θD = k(υ)
h̄

kB

(
48π5

)1/6
√
r0β

M
. (7)
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Figure 4. Elastic constants C11, C12 and C13 are shown at different pressures for wz-
AlN and wz-GaN. For wz-AlN, C11 and C13 are higher when compared to wz-GaN
and similar for C12.

Figure 5. Elastic constants C33 and C44 are shown at different pressures for wz-AlN
and wz-GaN. C33 increases linearly for wz-GaN but decreases for wz-AlN as pressure
increases and C44 for wz-AlN is higher when compared to wz-GaN.
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In this expression, r0 is the equilibrium Wigner–Seitz radius, which is defined as 4πr3
0/3 =

V0/N = M/ρ, where V0 and N are equilibrium volume and number of atoms per unit
cell, respectively. The Debye temperature (θD) obtained from the elastic constants using
eq. (7) is compared with the available experimental values which are in good agreement
with some allowable error given in table 1 and plotted in figure 6. It is observed that
Debye temperature (θD) increases slightly as pressure increases till 40 GPa and unstable
above 40 GPa due to the instability of wz-AlN and wz-GaN.

3.3 Band-gap correction for wz-AlN and wz-GaN using DFT+U

The energy band gaps of wz-AlN and wz-GaN structures are calculated using LDA
approach. To correct the energy band gap, LDA+U is incorporated in LDA pseudopo-
tential to calculate the more accurate electronic property of the wz-AlN and wz-GaN
binary semiconductors. LDA+U method is first introduced by Anisimov and co-workers
[36] for studying strongly correlated compounds with much improved result compared to
LSDA, GGA and LDA results. LDA+U is Hamiltonian correction, which is responsible
for Hubbard interaction (EHUB), and is given as

ELDA+U [n(r)] = ELDA[n(r)] + EHUB
[
nIσm

] − EDC
[
nIσ

]
, (8)

Figure 6. Debye temperature vs. pressure is shown and Debye temperature for wz-
AlN and wz-GaN are increased from equilibrium.
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where n(r) is the electronic density and nIσm is the atomic orbital occupations for the
atom I experiencing the Hubbard term. The last term in eq. (8) is used to avoid double
counting of the interactions contained in both EHUB and ELDA. Each component on the
right-hand side of eq. (8) is well described in refs [36–38]. In practical calculation of
LDA+U, two parameters U and J are described as screen Couloumb and exchange inter-
actions by Anisimov and co-workers in LMTO calculations, using supercells, revealed
that the occupations of localized orbital are compelled to delocalize one atom orbital. A
simplified rotationally invariant technique and Ueff are proposed by Matteo Cococioni and
Stefano de Gironcoli [39]. The Ueff parameter can be represented as U–J. For practical
calculations, constraining the localized orbital occupations are easier by Legendre trans-
form in which independent variables αI ’s are used. The αI is added or subtracted to the
single-particle potential. Therefore, the density response functions of the system, with
respect to these localized perturbations are given [39] as

XIJ = ∂2E

∂aI∂aJ
= ∂nI

∂aJ
, (9a)

X0
IJ = ∂2EKS

∂aKS
I ∂aKS

J

= ∂nI

∂aKS
J

. (9b)

Using the above density response functions, the effective interaction parameter, Ueff,
associated with I atoms can be calculated as

Ueff = +∂aKS
I

∂qI
− ∂aI

∂qI
= (

X−1
0 −X−1)

II
. (10)

Figure 7. Hubbard U parameter vs. pressure for wz-AlN and wz-GaN.
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Figure 8. Band-gap variation vs. pressure for wz-AlN and wz-GaN. AlN: LDA
band gap with LDA pseudopotential, LDA+U band gap with LDA+U correction and
HOMO–LUMO effect has been observed after 20 GPa in wz-AlN but HOMO-LUMO
splitting in wz-GaN has not been observed till 50 GPa.

The density response functions, eqs (9a), (9b), are needed in eq. (10) to evaluate the uncon-
strained system (αI = 0) for all sites in the supercell and to provide some constrained
value to system (αI = varying near to zero) in positive and negative values. The Hubbard
parameters U, calculated for a single cell at different pressures and plotted in figure 7,
reveal that as pressures increases, U increases linearly with respect to pressures for both
wz-AlN and wz-GaN. Band gap was calculated with and without U. Band gaps values are
lower due to the intrinsic properties of LDA pseudopotentials against the experimental
values. To correct the band gap, U was incorporated with LDA and partially filled p state
of N atom was perturbed by applying U for both wz-AlN and wz-GaN. Band gap with
DFT+U were also calculated at different pressures. Highest occupied molecular orbital
(HOMO) and lowest unoccupied molecular orbital (LUMO) band effects were observed
above 20 GPa in wz-AlN, but not in wz-GaN as shown in figure 8. The phase transition in
wz-AlN was occurred above 20 GPa [40]. The results of the present work was compared
with the available experimental [20,21,41,42] and theoretical data [16,23,24,43].

4. Conclusions

In summary, we have performed first-principles calculations for wz-AlN and wz-GaN
and determined the equilibrium lattice parameters a and c/a, and u. The variation of
structural parameters as a function of pressure was also investigated. The calculation of

Pramana – J. Phys., Vol. 83, No. 3, September 2014 423



B P Pandey, V Kumar and Eduardo Menendez Proupin

Debye temperature using elastic constants and variation of these quantities as a function
of pressure were investigated. The band gap values, calculated at different pressures are
lesser against the experimental values due to the intrinsic property of LDA pseudopoten-
tials. Band gaps at various pressures were corrected by estimating the value of U using
the DFT+U approach under the linear response method for wz-AlN and wz-GaN. All
the results obtained are consistent with the experimental and reported results from other
workers.
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